Abstract-Given an N subearrier orthogonal frequency division multiplexing (OFDM) system transmitting over a slow fading Rayleigh channel, the distribution of b, the number of received symbol errors, is Poisson binomial. Hence, (Nj) terms are required to calculate each probability for b = 0, 1, . . . , N. When N is large, as in most OFDM systems, the Poisson binomial distribution is often approximated by the Poisson distribution. We show that, for large N, the total variation distance between the approximation and the true distribution is lower and upper bounded by random variables with fully known probability density functions. The bounds on the total variation distance indicate that the distribution of OFDM symbol errors is well approximated by a Poisson distribution.
I. INTRODUCTION
Given an orthogonal frequency division multiplexingr (OFDM) system transmitting N subcarriers over a Rayleigh fading channel, a block of N subcarrier symbols is sent simultaneously. The probability of b E {0, 1 ... , N} of the N symbols being incorrectly estimated at the receiver is of interest. Knowledge of the probability distribution of the number of errors affords better error correction code design and analysis, since any code of minimum distance dmin corrects b < 2 errors. This knowledge is applicable in adapting OFDM to achieve a desired error rate [1] .
For a slowly fading Rayleigh channel we show that the probability of b OFDM symbol errors is well approximated by the Poisson distribution. Since each subchannel has a different time varying gain, the probability of error for each OFDM symbol is time varying. Thus, for fixed time t, the distribution of the number of errors is equivalent to the distribution of the sum B of a number of independent Bernoulli random variables, X1,X2, ... , XN, with respective success probabilities P1, P2,.. . , PN, known commonly as the Poisson binomial distribution. The Poisson binomial distribution is well approximated by the Poisson distribution, with a known upper bound [2] on the total variation distance. The total variation distance upper bound is a random variable, for which we derive an asymptotic probability density function (pdf) for a large number of subcarriers N. Knowledge of this pdf allows us to construct confidence intervals on the accuracy of the approximation.
In the next section we introduce necessary notation, assumptions and preliminary results concerning OFDM systems, multipath channels and error rates. Section III outlines the derivation of the pdf of the upper bound on the total variation distance. Section IV shows simulated probability distributions for an OFDM system, as well as the distribution of the upper bound on total variation distance from the Poisson approximation. Finally, Section V provides some conclusions.
II We denote the time-varying channel frequency response over the entire OFDM bandwidth as H(t, f), and make the usual wide sense stationary and uncorrelated scattering assumptions [4] . Furthermore C. OFDM Symbol Error Rates The probability Pn,k of the kth subcarrier symbol received during the nth time interval being incorrectly estimated, and the squared probability of error may be written as
2) q (1) v (2 ) (4) where Q(.) is the well known Gaussian Q-function. The Hermite ranks [5] (p) and (q) of p (y(1) ) and q (Yn,k y(2)k) respectively, are greater than or equal to two (Appendix I).
For time interval n, we denote the arithmetic mean probability of symbol error across all N subcarriers as PnaV = H emk=i Pnrk, and the mean squared probability of error as av + iNevlP2 n For any subcarrier k we denote the expected probability of error as (5) where f(Qy,k) is the pdf of the instantaneous SNR, Yn,k. For a Rayleigh distributed channel envelope, it is well known [6] that -Yn,k follows an exponential probability density function, 
for k E Z, where m is any number large enough that m > 1 and m + k > 1. Suppose that 00 , |r( q)(k) < oc, k=-oo (8) for all 1 < p < d and 1 < q < d. Then
where ' d ), denotes, 'convergence in distribution', and
We show that the theorem applies to an OFDM system with a large number of subcarriers, transmitting over Rayleigh fading channels, since the subchannel gain at time n is a Gaussian random variable in R2, (2) . Furthermore, the subcarrier error probability Pn,k and the subcarrier squared error probability p 2 are defined as functions of JR2 valued Gaussian random n,k variables, as seen in (4) . It is then shown that the distribution of both the average subcarrier error Pn,av and squared subcarrier error pn ,av approach Gaussian distributions. ( 14) where '-' denotes approximated in distribution, and in (13) and (14) Nvar (Pn,av) (2) 
For each block we approximate the probability of there being b errors with a Poisson distribution. We then consider the limit, as N -) (14)- (18) and (21) that as the number of subcarriers N increases, the variance in the limiting distributions of the bounds on total variation distance does not increase. Furthermore, for fixed mean SNR, the mean of these limiting distributions remains constant.
IV. SIMULATIONS We consider a 1024 subcarrier OFDM system transmitting over a Rayleigh fading channel with an exponential power delay profile and maximum excess delay of 50ns. We assume the OFDM system occupies a 320MHz bandwidth with carrier frequency 5.1GHz and receiver velocity of l5m/s. Due to the large number of subcarriers, calculation of the exact probability of b errors for 3 < b < 1022 is infeasible. We consider transmission over 5000 consecutive simulated fading channel realizations. For each channel realization we simulate transmission of 107 blocks, and thus estimate the distribution of errors for that channel realization. We then calculate the total variation distance between the estimated distribution and the Poisson approximation, as well as bounds on total variation distance (21) for each realization.
In Figure we plot the simulated distribution of errors and the Poisson approximation for a single channel realization. It is observed that the Poisson distribution is a good approximation to the simulated distribution of errors, with total variation distance of 0.0458. We display the distribution of the total variation distance between the simulated distribution of errors and the Poisson approximation, for all 5000 realizations, in Figure 2 , and plot the expected distribution of the upper bound on the total variation distance in Figure 3 .
It is observed from Figure 3 that the pdf of (22) approximates the density of the simulated upper bound on total variation distance. Similar results are readily obtained for the lower bound. As N increases, the approximation becomes tighter.
V. CONCLUDING REMARKS
For an OFDM system transmitting BPSK over a Rayleigh fading channel we have considered Poisson distribution approximation of the distribution of the number of symbol errors per received block. The total variation distance is a random variable in time due to the fading nature of the channel, and is bounded above and below by random variables whose probability distribution has been derived. The upper bound on total variation distance between the true distribution and the Poisson approximation does not increase as the number of subcarriers increases.
The Poisson distribution appears to be a good approximation to the distribution of the number of OFDM symbol errors per block, for fading, frequency selective channel realizations. The results obtained enable us to construct confidence intervals on the approximation error when estimating the probability of a given number of OFDM errors per received block for a Rayleigh fading channel. The analysis may be readily extended to other symbol constellations, such as quadrature amplitude modulation.
APPENDIX I HERMITE RANK OF ERROR FUNCTIONS
Given the gain for the kth subcarrier over the nth time interval, H , y(1) +jy4, where y( 1) and y(2) are Gaussian random variables with properties given in (3), we may express the probability of incorrectly estimating the transmitted BPSK symbol as (4) for given symbol energy Eo and noise power spectral density No.
The Hermite rank tp(f) of a measurable function f: X -R for the mean zero, independent, identically distributed (iid) Gaussian vector X {Xi,. . E Rd, where f has finite second moment, may be defined [5] as inf{ o(f) : polynomial P of degree yc(f) with,
We show that the Hermite rank, o(p), of p y(1), y(2)) is greater than two, by showing that it is neither zero nor unity.
Firstly consider a polynomial on {yk, y(2) } of degree zero, that is fo y(1) (2))= Ao, for some constant Ao E R. We c t n,k Yn,kJ can then write [4] PH(Ak) = 
1
The corresponding channel SNR's -/n,k, and / have a bivariate exponential distribution which may be written [14] as f-y,,y (-Yn,ki , -Yn,k2)
In the special case of k1 = k2 a finite range integral representation of E [P4kl] is readily obtained [15] using the Q-function representation of [13] . This is easily evaluated.
Finally Similarly the correlation between the squared error rates on two channels k1 and k2 may also be written as the rapidly convergent series [15] 
